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Abstract 

In this paper the main components of a hydraulic positioning unit are modelled and simulated using the software 
Matlab/Simulink. That includes the actuator, the pressure relief valve, connecting pipes and of course the proportional 
directional control valve. With this model the positioning unit was tested under different conditions to make predictions on 
how the system is going to react. The simulation of the proportional directional control valve was divided into a static and 
dynamic part. Based on flow, pressure and leakage curves given by the manufacturer, pseudo-section functions have been 
created. These functions characterize the relationship between normalized spool position and flow rate. For simulating 
dynamic behaviour, a non-linear Simulink model was created. The model was fitted to non-linear frequency response 
analysis (NFR) data points by using a Nelder-Mead simplex optimization algorithm. Several experiments were carried out 
to test the methodologies as well as the models with the manufacturer's data and experimentally verifying the adjustability 
of the results and the validation of the approach. The valve model shows high positioning accuracy and robust behaviour in 
both simulation and experimentation. The amplitude response curves for 10% and 25% showed some oscillation, but with a 
stable behaviour around the measurement. On the other hand, the amplitude curve for 100% of the coil path showed a very 
acceptable approximation and even coincided with the manufacturer's curve. 
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1. Introduction

Hydraulic positioning units are widely used in industrial 
applications. In general, the positioning unit consists of an 
actuator, a pressure relief valve (PRV), a proportional 
directional control valve (PDCV), actuated by a 
proportional input signal, connecting pipes and pump. On 
the other hand, the replacement of on-off solenoids with 
solenoids which can adjust the spool position of a 
directional valve proportionally to their input voltage was 

*Corresponding author. Email: ads@isep.ipp.pt 

the groundwork for the development of proportional valve 
technology. So, proportional valves are a good alternative 
to conventional servo-solenoid valves, since these valves, 
although highly precise, are very expensive. The 
robustness and low price of the proportional valve is indeed 
a good alternative to the servo valves since they are 
extremely demanding in terms of maintenance and the 
surrounding industrial environment, i.e., they are a good 
alternative for application in industrial automation. The use 
of this type of valve in hydraulic circuits does not exempt 
it from some internal and external constraints. These are 
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present in all hydraulic control applications, and which 
produce uncertainties and non-linearities. These 
disturbances, however small, influence the robustness and 
accuracy of the positioning and they cause uncertainties 
and non-linearities result from friction and internal 
leakage. 

Then, due to the complexity of friction influence at the 
piston of a hydraulic cylinder [1]-[3], the simulation of the 
positioning unit must be implemented as a closed-loop 
circuit [4][5]. In this work, the later-designated 
components of a hydraulic positioning unit are modelled 
and simulated using Matlab/Simulink [6][7]. To this end, 
and for the use of electro-hydraulic actuators, a more in-
depth knowledge of the dynamic behaviour of each 
component is required, in order to characterize these non-
linearities and develop an appropriate control law that 
allows an effective use reaction to be predicted under 
different conditions [8].  

To describe the dynamic behaviour of a technical 
system, it is important to determine its state variables and 
energy storages. For this reason, typical energy storages 
and state variables shall be determined regarding hydraulic 
systems. Valves are used to control hydraulic systems so, 
depending on their spool position, they uncover a certain 
area the oil can pass through [5]. When the valve opens, the 
resulting flow forces, which act directly on the movement 
of the gate, affect the dynamic response of the valve which 
manifests itself on the spool resulting in oscillations. These 
alter the dynamic characteristics of the valve and the 
oscillations of the forces generated by the continuously 
regulated flow. The behaviour of this type of valve is 
defined by frequency response curves supplied by the 
manufacturers, which reflect their dynamic behaviour. 
These amplitude and phase relationship curves are 
normally presented in the frequency domain but should 
also be discussed in the time domain [9]-[11]. 

Therefore, when simulating a hydraulic circuit, oil being 
the central element of the circuit becomes a very important 
factor, so the most important properties (viscosity, 
compressibility, etc.) of the oil must be taken into account 
when developing the model [5][8][12]. This is why these 
properties must be properly calculated so that their use in 
simulation models and can facilitate the creation of static 
and dynamic relationships that allow simulation models to 
be created. On the other hand, system modelling must take 
into account that all constraints cause non-linearities 
resulting from electrical hysteresis in the proportional 
valve [13][14], dead-band non-linearities [13]-[16], 
pressure drops inside the valve and friction in the cylinder 
[13]-[19] and fluid temperature variations [14][20]-[22]. 

The organizational structure of this paper is as follows. 
The principal design of the dynamic behaviour of the 
system is introduced in Section 2. The mathematic models, 
simulated and analysed of the PDCV are established in 
Section 3. The results that are analysed and discussed was 
made in Section 4. Finally, several conclusions are drawn 
in Section 5. 

2. Analises of the dynamic behaviour of 
hydraulic systems 

A simulation is an important tool in modern technology 
[23], and it is particularly used in engineering [24]. What 
makes them so meaningful is the ability to reproduce a real 
system and make virtual improvements to examine what 
the impact would be. The real system can be tested under 
several conditions to make sure that it works appropriately 
for a particular application. An immense advantage is that 
systems can be tested before being built without the strict 
need of a prototype, which saves time and money [25]. 
Furthermore, it allows the analysis of variant model setups 
for the behaviour of an individual parameter which clarifies 
its impact on the result. Simulations also allow observing 
the behaviour of a system over a very short as well as a very 
long period. Another important factor is that most real 
systems cannot be analysed with adequate accuracy due to 
high complexity. So, five important steps of creating a 
simulation model shall be introduced in relation to 
hydraulic systems. These are: 

• Drawing a schematic with all input and output signals 
and coefficients. 

• Identifying the energy storages and their state 
variables. 

• Setting up balance equations. 
• Complementing missing relations with static 

equations. 
• Drawing a block diagram. 

The first step is to draw a diagram of all the important 
signals entering or leaving the system. In the context of 
hydraulic systems, the most common signals are pressures 
and flows, so a representative diagram will provide an 
insight into the dynamic evolution of the system. In a 
second step, the system's energy stores must be identified. 
These indicate where the dynamic system stores the energy 
contained in the system. A dynamic technical system has 
one or more energy stores, depending on its complexity. 
So, the storages can be divided into concentrated and 
spatially distributed [26]. 

As a result of this classification, it is necessary to 
distinguish the forms of energy storage since they will have 
different representations. Thus, in dynamic systems, 
concentrated energy storage is presented by state variables 
that depend on time, while spatially distributed energy 
storage is described by state variables that depend on time 
and position. Concentrated energy storage is used more 
often due to its lower complexity. State variables are 
closely linked to storage because they describe the amount 
of energy contained in the storage elements of systems 
[27]. The state variable is also of high interest because they 
describe the dynamic behaviour of the system and cannot 
change abruptly. On the other hand, it should be borne in 
mind that a state variable is always proportional to the 
integral of the input parameters and, consequently, are the 
inputs or integrated blocks in the simulation and, at the 
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same time, part of the equilibrium equations. For this 
reason, it is important to determine the equations for 
balancing forces and torques in translational and rotational 
masses, as well as the equations for balancing volume 
flows in capacities. These equations play an important role 
in hydraulic systems and can be translated, for example, as: 
 
 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎  =  ∑𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (1) 
and 
 𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎  =  ∑𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (2) 
 
Where 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎 is the sum of all forces acting on the mass. 
Forces generated by pressures, springs, friction, or load and 
they can have positive or negative signs depending on their 
direction. The same considerations can be applied to the 
momentum of the balance, M𝑎𝑎𝑎𝑎𝑎𝑎, (2) and the volumetric 
flow rate balance equations can be determined as 
following: 
 
 𝑄𝑄𝑠𝑠𝑎𝑎𝑠𝑠𝑠𝑠  =  ∑𝑄𝑄𝑎𝑎𝑎𝑎  − ∑𝑄𝑄𝑠𝑠𝑜𝑜𝑎𝑎    (3) 
 
Where Qstor indicates the stored volumetric flow rate, 
which is the difference between the oil inlet and outlet of a 
given capacity, and: 
 
 𝑝𝑝 =  1

𝐶𝐶𝑦𝑦
∫𝑄𝑄𝑠𝑠𝑎𝑎𝑠𝑠𝑠𝑠 𝑑𝑑𝑑𝑑 (4) 

 
from the fluid state variable computation (4) can be 
concluded that the pressure change 𝑑𝑑𝑝𝑝/𝑑𝑑𝑑𝑑 is proportional to 
Qstor when capacity is constant. Where p is pressure and Cy 
is the capacity of a fluid volume. The last stage consists of 
the complementation of the missing relationships with 
static equations, without finalizing the model, which will 
define the behaviour under stabilized conditions. The 
system's block diagram, simulation model, can now be 
drawn based on the equations obtained using 
Matlab/Simulink. 

2.1. Proportional valve operating principle  

For mastering the general requirements of today’s 
hydraulic applications valves are indispensable. Valves 
satisfy different tasks in hydraulics, and they are 
categorized in four different classes. These are: pressure 
valves, flow-control valves, check valves and directional 
valves [28]. Pressure valves limit or restrict a certain 
pressure level respectively a pressure difference. Flow-
control valves spread or restrict the flow rate as required 
fort the application. Check valves have the task to block the 
flow rate in one or even both directions and repeal it under 
some specific circumstances. Directional valves are used to 
control the direction of the flow rate. Each of these four 
classes is also divided in many more sub types. 

The last group of valves is one of many electrically 
operated hydraulic valves and are directional valves with 
improved control electronics. The control electronics 
ensure that the force developed by the coil can be adjusted 

continuously and with remarkably high precision by means 
of an input voltage or current. This feature is necessary 
when they are used in high-precision hydraulic control 
circuits. These valves can be divided into servo valves and 
proportional valves [29]. 

In a servo valve, a torque motor is used to control the 
position of the servo valve coil via several amplification 
stages. Most of the time, it has two or three motors in order 
to use a very low input signal and be able to control huge 
output signals [30]. This type of valve is used in high-
precision applications and places high demands on the 
working environment. In order to achieve these accuracies, 
a very precise level of valve functionality is required, and 
the manufacturing must also be precise. This makes this 
type of valve expensive. In contrary to that are proportional 
valves which are effectively a further development of 
directional valves with simple switching solenoids. 
Proportional valves are widely spread in automation 
engineering because of their robustness and cheapness 
compared the servo valves [31]. 

Due to the high precision, it is possible to achieve 
adjustment of all four control edges around the working 
point at the same time. The others are closed or opened in 
such a way that the restriction effect has no impact 
compared to the relevant control edge. This allows for 
higher manufacturing tolerances when producing the 
control edges. Proportional valve technology is used in 
direction, pressure, and flow valves. When using 
proportional directional control valves, it is necessary to 
have stroke-controlled magnets that can adjust the position 
of the coil continuously without any problems. This makes 
it possible to have the function of an additional flow control 
valve, which is important for achieving a correct actuator 
position in position control applications. Figure 1 
illustrates the proportional valve used in this hydraulic 
system. The parts marked "a" and "b" are the proportional 
solenoids that are used to move the control spool [32]. 

Figure 1. Proportional Valve Bosch Rexroth 4WRSE 

When both solenoids are conducting, their forces are 
equalized and the springs “3” and “4” centre the spool, the 
same happens when the solenoids are not conducting. For 
positive displacement of x, the proportional solenoid “b” 
must be active whereas “a” must be active for the other 
direction. Inductive displacement measurement detects 
either positive or negative spool position and compensates 
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widely the position error caused by friction and spring 
fatigue. 

The applied technology of displacement measurement in 
proportional valves is called “Linear Variable 
Displacement Transformer” or LVDT. The LVDT consists 
of a coil assembly and a core. The coil assembly is typically 
mounted to a stationary form, while the core is secured to 
the object whose position is being measured. The coil 
assembly consists of three coils of wire wound on the 
hollow form. A core of permeable material can slide freely 
through the centre of the form. The inner coil is the 
primary, which is excited by an AC source. Magnetic flux 
produced by the primary is coupled to the two secondary 
coils, inducing an AC voltage in each coil. The main 
advantage of the LVDT transducer over other types of 
displacement transducer is the high degree of robustness. 
Because there is no physical contact across the sensing 
element, there is no wear in the sensing element. Because 
the device relies on the coupling of magnetic flux, an 
LVDT can have infinite resolution. Therefore, the smallest 
fraction of movement can be detected by suitable signal 
conditioning hardware, and the resolution of the transducer 
is solely determined by the resolution of the data 
acquisition system [33] In Figure 2 the measurement 
system is illustrated [34]. In the left part of the figure the 
entire inner construction is shown. In right part of the 
figure, the LVDT is emphasized with the red circle. 

Figure 2. LVDT of the Proportional Valve Bosch 
Rexroth 4WRSE 

3. Modelling the Electro-Hydraulic 
Proportional System (EHPS) 

The electro-hydraulic proportional system modelled (see 
Figure 3) consists of a double acting cylinder (4), a pressure 
relief valve (2), a proportional 4/3 directional valve (3), a 
fixed displacement pump (1) and pipe connections. 
Therefore, a sensor measures the cylinder position and 
transfers that information to a controller. The controller 
compares the actual position of the cylinder with the 
desired position the cylinder is supposed to have. If they 
are not equal the controller gives an electric signal in the 
range from -10 V to +10 V to the proportional valve. The 
voltage input is the command signal which dictates the 
opening stroke of the proportional valve. In this case -10V 
refers to -100% open according to maximum spool stroke 
whereas +10V results in a +100% open valve.  

Figure 3. Electro-Hydraulic Proportional System 

When the desired position is reached and the system is 
stabilized, the valve is adjusted in middle position and 
blocks the cylinder. That would cause high pressure and 
damage the system. To prevent the system from damage 
caused by an enormous pressure level, the pressure relief 
valve is used. It opens when pressure is getting beyond a 
certain level and allows oil to drain to the tank. An 
overview of the system is illustrated in Figure 3. 

3.1 Modelling Hydraulic Cylinder 

The problems associated with electro-hydraulic systems 
are classified as position control, speed control and force 
control. The most common applications for this type of 
proportional electro-hydraulic drive are associated with 
positioning, speed, force, or torque, whether for linear or 
angular movements. In this section, the theoretical 
considerations regarding the dynamic behaviour of the 
cylinder are explained. Based on these considerations, a 
control model was created for a differential cylinder with 
the dimension 200-100-500, where the piston diameter in 
mm is 200, the rod diameter is 100 and the stroke is 500, 
respectively. So, in this research, determining the dynamic 
behaviour of the system is the first step to building the 
model. Figure 4 illustrates the model of the differential 
cylinder with inflow and outflow port to the two-cylinder 
chambers. For the setup shown it is assumed that the piston 
extracts. 

Figure 4. Differential cylinder model 
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The proportional directional valve is supplied by pressure 
(PS). The hydraulic cylinder is supplied by a flow rate (Q1) 
and a flow rate (Q2) which are a function of the valve spool 
position (xv), given by the valve's LVDT, and the pressures 
(P1) and (P2). In addition, the pressure in both chambers of 
the double-acting cylinder can differ from the pressure in 
the pipes connecting to the valve. However, the pressure 
drop between the chamber and the pipe is insignificant 
compared to the high nominal pressures in the chamber. 
Furthermore, the volume of the pipe can be added to the 
volume of the cylinder (V1) and (V2) to avoid a rigid system. 
If the piston is accelerated, there is no static behaviour and 
the pressure levels in the chambers are different from in the 
connected pipes. When the system reaches a static state, the 
speed of the piston is constant and inflow and outflow rate 
as well. 

The cylinder’s energy storage is the chambers and the 
piston mass. The chambers store fluidic energy where 
pressure can be obtained from. Whereas the piston mass 
stores kinetic energy where acceleration, velocity and 
displacement can be obtained from. For the derivatives of 
pressure 𝑝𝑝1 and 𝑝𝑝2 (pressure dynamics equations) can be 
written by:  
 
 𝑝𝑝1̇  =  1

𝐶𝐶1
(𝑄𝑄1 − 𝑄𝑄𝑉𝑉1 − 𝑄𝑄𝑙𝑙𝑎𝑎) (5) 

 
 𝑝𝑝2̇  =  1

𝐶𝐶2
(𝑄𝑄𝑉𝑉2 + 𝑄𝑄𝑙𝑙𝑎𝑎 − 𝑄𝑄2) (6) 

 
where C1 and C2 are, respectively, the capacity of the 
chamber 1 and 2. 𝑄𝑄1 and 𝑄𝑄2 are the flow rates which stream 
in and out of each chamber. 𝑄𝑄V1 and 𝑄𝑄V2 are the flow rates 
in each chamber and 𝑄𝑄li are the leakage flow rate. The 
incoming flow rate 𝑄𝑄1 which depends on the restriction and 
the pressure difference between chamber and pipe. The 
inlet flow rate must have the same amount of the outlet 
flow rate. When the difference is not balanced, the pressure 
increases or decreases. Them, when there is a certain flow 
rate 𝑄𝑄1 streaming into the chamber, the same amount must 
flow out. However, when the pressure level remains the 
same, capacity must increase. On the other hand, with the 
assumption of an almost constant bulk modulus, capacity 
can only increase when volume increases. Them, flow rate 
𝑄𝑄𝑉𝑉1 must be considered in that equation. It does not drop 
out but increases the volume. Likewise, the leakage flow 
rate 𝑄𝑄𝑙𝑙𝑙𝑙 must be considered as well. It results from the 
pressure difference between the chambers and cannot be 
avoided because of dimensional tolerances in the 
manufacturing process. A laminar flow profile is assumed 
in the leakage gap. From these considerations follows: 
 
 𝑄𝑄1 = 𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠(𝑝𝑝𝑎𝑎𝑎𝑎 − 𝑝𝑝1) 𝑘𝑘𝑑𝑑𝑠𝑠1 𝐴𝐴𝑑𝑑𝑠𝑠1�|𝑝𝑝𝑎𝑎𝑎𝑎 − 𝑝𝑝1| (7) 
 
 𝑄𝑄𝑣𝑣1 = �̇�𝑥 𝐴𝐴1 (8) 
 
 𝑄𝑄𝑙𝑙𝑎𝑎 = 𝐺𝐺𝑎𝑎 ∆𝑝𝑝12 = 𝜋𝜋∙𝑑𝑑𝑚𝑚∙ℎ3

12∙𝜂𝜂∙𝑙𝑙𝑘𝑘
 ∆𝑝𝑝12 (9) 

 

where pin is the pressure at chamber inlet, kdr1 is the 
throttling coefficients for cylinder inlet flow rate, dm is the 
mean diameter of the cylinder, η is the dynamic viscosity, 
lk is the length of the piston and ∆p12 is the pressure 
difference between chambers 1 and 2. The hydraulic 
capacity of the chamber C1 and C2 are given by: 
 
 𝐶𝐶1  =  𝐾𝐾𝑏𝑏(𝑝𝑝1)

𝑉𝑉1
= 𝐾𝐾𝑏𝑏(𝑝𝑝1)

𝑉𝑉1,0+𝑥𝑥∙𝐴𝐴1
 (10) 

 
 𝐶𝐶2  =  𝐾𝐾𝑏𝑏(𝑝𝑝2)

𝑉𝑉2
= 𝐾𝐾𝑏𝑏(𝑝𝑝2)

𝑉𝑉2,0−𝑥𝑥∙𝐴𝐴2
 (11) 

 
where 𝑉𝑉1,0 and 𝑉𝑉2,0 are the volumes for a retracted cylinder 
position. Thereby 𝑉𝑉1,0 is the dead volume of the cap end 
chamber and 𝑉𝑉2,0 characterizes the dead volume of the rod 
end chamber plus the volume 𝑥𝑥·𝐴𝐴2. The dead volumes are 
assumed as 1% of the total piston volume. Kb is the bulk 
modulus for fluids, is equivalent to the modulus of 
elasticity for solid structures, and it is assumed to:  
 
 𝐾𝐾𝑏𝑏�𝑝𝑝(𝑑𝑑)�  = 𝐾𝐾𝑏𝑏,𝑚𝑚𝑎𝑎𝑥𝑥�1 − 𝑒𝑒−𝑎𝑎∙𝑝𝑝(𝑎𝑎)� (12) 
 
where Kb,max is set to 1.2E-9 Pa and 𝑠𝑠 = 4.6052E-6, 
considering a kinematic viscosity of 𝜈𝜈 = 46 𝑚𝑚𝑚𝑚²/𝑠𝑠. As a 
consequence, the force balance equation must also contain 
all relevant forces. So, the equation can be written as: 
 

 
𝑚𝑚�̈�𝑥 = 𝐹𝐹1 − 𝐹𝐹2 − 𝐹𝐹𝑓𝑓 − 𝐹𝐹𝐿𝐿                    
𝑚𝑚�̈�𝑥 = (𝑝𝑝1 𝐴𝐴1) − (𝑝𝑝2 𝐴𝐴2) − 𝐹𝐹𝑓𝑓 − 𝐹𝐹𝐿𝐿 

 (13) 

 
where 𝐹𝐹1 and 𝐹𝐹2 are the force in chamber 1 and 2. The 
friction force is 𝐹𝐹𝑓𝑓 and 𝐹𝐹𝐿𝐿 the load force. Friction results 
when the piston displaces in the cylinder body. This 
happens due to the contact between piston and the cylinder 
wall. Thereby the influence of static, dynamic, and viscous 
frictions must be considered in the same way. Viscous 
friction is caused by the leakage gap between cylinder wall 
and piston. According to [35] the influence of friction must 
be considered especially in feed-back systems. For 
instance, when the static friction is very high, the system is 
not able to act on small pressure differences. Firstly, static 
friction must be overcome. For high piston velocities a 
huge extract of energy or a high damping can be a result. 
The exact advance projection is not possible. For this 
reason, the friction force is measured on the real system. 
Different pressure differences at diverse speeds must be 
collected for only one direction of movement. With that set 
of data, the coefficients of a regression polynomial can be 
determined in a way that the polynomial fits the real 
measured behaviour. Thereby, the objective is to determine 
the dimension of these forces. During the simulation, 
certain values can be varied to obtain better results. When 
high accuracy is needed, a polynomial for each direction of 
movement must be created. According [35], the friction 
force on a piston can be characterized as following:  
 

 𝐹𝐹𝑓𝑓(�̇�𝑥) = 𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠(�̇�𝑥) �𝐹𝐹𝑑𝑑𝑓𝑓 + 𝐹𝐹𝑠𝑠𝑓𝑓 𝑒𝑒−
|�̇�𝑥|
𝑇𝑇𝑣𝑣� + 𝑘𝑘 �̇�𝑥 (14) 
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where Fdf is the dynamic and Fsf the static friction. Tv is the 
decay constant and k the coefficient of viscous friction. The 
static friction term decreases exponentially with increasing 
speed, while the viscous friction remains constant and 
proportional to speed. On the other hand, due to the 
assumption of a laminar flow profile in the leakage gap, the 
k factor can be determined as follows: 
 
 𝑘𝑘 =  𝐴𝐴 32 𝜂𝜂 .  𝑙𝑙𝑘𝑘

𝑑𝑑𝑚𝑚2
 (15) 

 
where η is the dynamic viscosity, dm the mean diameter and 
lk is the length of the piston. Dynamic friction, Fdf, and 
static friction, Fsf, is given by: 
 
 𝐹𝐹𝑠𝑠𝑓𝑓 = 𝜇𝜇𝑠𝑠𝑓𝑓 𝐹𝐹𝑁𝑁 (16) 

 
 𝐹𝐹𝑑𝑑𝑓𝑓 = 𝜇𝜇𝑑𝑑𝑓𝑓 𝐹𝐹𝑁𝑁 (17) 

 
Since, it is not possible to measure the friction force of the 
real cylinder shall be used. The static and dynamic friction 
forces shall be determined based on normal force. The 
normal force of the piston is 330 N due to its weight, and 
the friction coefficients are μ𝑠𝑠𝑓𝑓 = 0.12 and μ𝑑𝑑𝑓𝑓 = 0.05.  

Based on the theoretical equations presented above, the 
Simulink model of the differential cylinder shown in 
Figure 5 was created. It was assumed that the proportional 
valve has already reached a fixed position and that the 
pressure levels in the inlet and outlet pipes are constant. 

The equation (7) to (9) characterize the input in the left 
chamber. Pressure builds up and the piston extends. To 
model the march of pressure (5) and (6) is used, Figure 6. 
Pressure 𝑝𝑝1 and 𝑝𝑝2 are each modelled in a subsystem. 

Figure 6. Pressure dynamics of the left side 
Simulink model (chamber 1) 

 

Figure 7. Subsystems of chamber Simulink model: 
(a) velocity saturation, (b) capacity C1.  

Capacity and velocity are modelled in a subsystem as well. 
It changes with a different spool position. The maximum 
spool position was determined to 49 mm. The input for the 

(a) 

(b) 

 
Figure 5. Double acting cylinder Simulink model 
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capacity subsystems is the limited velocity. Two switch-
case blocks are used to set the velocity to zero when the 
spool position is out of range of motion. All subsystems are 
illustrated in Figure 7. 

Similar considerations can be made for the right piston 
chamber. Pressure is modelled as a sub-system (Figure 8) 
and the capacity model for chamber 2 is presented in Figure 
9. The velocity saturation of the chamber 2 is de same 
presented in Figure 7(a). 

Figure 8. Pressure dynamics of the right-side 
Simulink model C2.  

 

Figure 9. Subsystems of chamber Simulink model, 
capacity C2.  

3.2 Proportional Directional Valve Model 

To create the dynamic simulation of the proportional valve, 
type 4WRSE-10V with four-way spool, its behaviour was 
divided into two parts: the dynamic part and the static part. 
The dynamic part provides information on how quickly the 
valve can react to a step response, i.e., how quickly the coil 
can react to a given input signal. The static behaviour 
provides information on the flow and pressure 
characteristics at a given coil position. Based on this, Yuan 
et al. [11] developed a study of the behaviour of the 
electromagnetic subsystem of a proportional valve, 
establishing models that portray the non-linear dynamic 
performance considering structural parameters such as 
materials, fluids, and interaction strategies with the other 
subsystems. However, [36] using a hydraulic servo system, 
developed a non-linear simulation model in 
Matlab/Simulink, in a closed loop, using fractional order 
controllers, genetic algorithm (GA), which takes into 
account the friction between the cylinder and the piston, the 
compressibility of the fluid, the dynamics of the valves and 
the influence of uncertainties such as pressure, Coulomb 
friction and viscous friction. On the other hand, [36] 
presents a model of a hydraulic servo system using particle 
swarm optimization techniques. The model also includes 

non-linear effects to study the dynamics of the system and 
the effects of forces and oil compressibility on the 
performance of its dynamic and non-linear behaviour. The 
results obtained were promising and satisfactory. Them, to 
modelling an Eaton Vickers KBSDG4V-3 proportional 
valve [37] adopted a two-part modelling approach. First 
studying the static behaviour (flow gain, pressure gain and 
leakage flow) followed by the dynamic behaviour 
(frequency response) of the valve. The approach, based on 
the manufacturer's characteristics, provided good results 
that were fairly accurate and close to the real frequency 
characteristics. On the other hand, the dynamic behaviour 
of the proportional valve used, Bosch Rexroth 4WRSE-10, 
has slightly different dynamic characteristics. It does not 
show any amplitude gain behaviour at certain frequencies, 
unlike the Vickers valve. However, this approach was 
applied to the value not only to test its applicability, but 
also to obtain the same good results. 

Dynamic model 
Modelling dynamic behaviour by using basic theoretical 
foundation would lead to imprecise results due to the 
complexity of the valve. For this reason, a different 
approach shall be applied. The non-linear frequency 
response data given by the manufacturer shall be used 
because they represent the proper dynamic behaviour of the 
valve. That implies that this approach provides specific 
results only relating to that valve type. It doesn’t provide 
general results for different types of valves.  

The curves are extracted from the datasheet, a typic 
Bode diagram for the Bosch Rexroth, is shown in Figure 
10 [32]. It measures the amplitude response as well as the 
phase angle for three different normalized input signals of 
±10%, ±25% and ±100% of maximum spool stroke. Since 
the data is valid for positive and negative spool position, 
symmetrical valve behaviour can be suggested. There is 
measured data over the whole displacement range of the 
spool. That provides a good understanding of the real valve 
behaviour which makes these curves appropriate to build a 
simulation on.  

Figure 10. Amplitude and phase response curves  
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Due to the non-linearity of the system, the Simulink model 
that translates the curves presented above showed a 
different output behaviour to that plotted in the 
characteristic curves when fed with different input 
amplitudes. These deviations are important because they 
reflect an expected dynamic behaviour, validating them 
when tested with different inputs. 

Therefore, according to [37], a second-order linear 
system was used which had to be optimized to obtain the 
desired behaviour. Otherwise, the non-linearity could not 
have been realized. As already mentioned, the valve's 
characteristics are the same for positive and negative coil 
displacements. It was also assumed that the real valve has 
limitations for velocity and acceleration (positive and 
negative directions), since they cannot be infinitely large. 
Finally, it is assumed that the curves are not measured 
absolutely but normalized to the maximum travel of the 
coil. There is therefore no need for a stationary gain factor 
because it is equal to one. The non-linear equation for the 
system, transposed for the highest derivative of x, can be 
determined as follows: 
 

 
�̈�𝑥 =  𝑜𝑜(𝑎𝑎)

𝑚𝑚
=  −  𝑑𝑑

𝑥𝑥
 �̈�𝑥 −  𝑎𝑎

𝑚𝑚
 𝑥𝑥             

�̈�𝑥 = 𝐾𝐾 𝜔𝜔𝑎𝑎2 𝑢𝑢(𝑑𝑑) − 2𝜁𝜁𝜔𝜔𝑎𝑎�̇�𝑥  −  𝜔𝜔𝑎𝑎2𝑥𝑥
 (18) 

 
where u is the input variable in order of time (t), m is the 
mass, d the damping constant and c the spring constant, K 
is the gain factor and ω the natural frequency. The ζ is the 
damping factor and is given by: 
 
 𝜁𝜁 = 𝑑𝑑

2√𝑚𝑚 𝑎𝑎
 (19) 

 
According to (18) and [37], the model created in Simulink 
can be represented as shown in Figure 11. In this model, 
the frequency response is modelled with a second order 
system with velocity and acceleration saturation. However, 
there is no stationary gain factor on the left, which confirms 
the previous explanations. You can also see that the delay 
block is used to obtain the phase lag. The rest of the model 
is used to obtain the amplitude response behaviour. 

The parameters of the model shown in the previous 
figure were estimated using an optimization algorithm with 
least squares cost function, where Lv is the limit velocity 
and La the limit acceleration. As a result, it was possible to 
create equilibrium equations at the sum points "a" and "b", 
in Figure 11, obtaining the following: 
 

 𝑎𝑎 =  𝑢𝑢�  −  �̅�𝑥 (20) 

and  
 𝑏𝑏 =  𝑎𝑎 𝜔𝜔𝑛𝑛

2ζ
−  �̇�𝑥 (21) 

 
Additionally, the acceleration can be written as: 
 
 �̈�𝑥  =  𝑏𝑏 . 2 𝜁𝜁𝜔𝜔𝑎𝑎 (22) 

 
By replacing "a" and "b" in (22) and expanding them, the 
acceleration can be written as follows: 
 
 �̈�𝑥  =  𝑢𝑢(𝑑𝑑)𝜔𝜔𝑎𝑎2  −   2 𝜁𝜁𝜔𝜔𝑎𝑎�̇�𝑥  −  𝜔𝜔𝑎𝑎2 𝑥𝑥 (23) 

 
By comparing the coefficients of (18) and (23), it can be 
determined that both equations are equal except the gain 
factor K.  

The model in Simulink is created with general variables 
as it is shown in Figure 11. This model shall be fit to the 
measurement curves from the manufacturer. Therefore, the 
data points must be available in Matlab. 

Figure 12. Optimization of dynamic model  

 
Figure 11. Non-linear dynamic model of spool position of the valve [37] 

a
b
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If the model is simulated with certain initial values, there is 
an error resulting between the measurement points and the 
simulation values at any frequency of the three amplitude 
responses. This is since the chosen initial values most 
likely don’t represent the dynamic behaviour. But there 
must be values for the Simulink model which minimizes 
the error between measurement and simulation. 
Additionally, these values represent the best dynamic 
behaviour the model can achieve. The fact that the error 
deviation is strongly connected to the model parameters 
leads to the conclusion that the error sum at each measuring 
point must be minimal to obtain good parameters for the 
model. This leads to an optimization problem. To solve 
optimization problems, Matlab offers various functions 
which optimize target values with different kinds of 
implemented algorithms. 

The optimization function used in this work is 
“fminsearch” which optimizes non-linear problems 
without using derivatives. It is based on the Nelder-Mead 
simplex algorithm [38]. To execute the simulation, initial 
values are necessary. That influences the simulation 
duration considerably when far from the final values. 
Hereafter shall be described how the implemented 
optimization algorithm works. 

The calculation of amplitude and phase must be done 
separately. Thereby the phase shift is acquired by using a 
pure time delay. The rest of the model is used to compute 
the amplitude response. The following flow chart in Figure 
12, only refers to the amplitude response computation. 

Firstly, the initial values for 𝜔𝜔𝑠𝑠, 𝜁𝜁, 𝐿𝐿𝑣𝑣 und 𝐿𝐿𝑎𝑎 must be 
determined. These initial values are passed to the 
optimization function. The optimization function 
manipulates the initial values due to the result of the target 
function. In this case, the target function is the sum of all 
squared error deviations. For the first iteration step the 
system must be simulated completely to achieve a target 
function value for the initial values. Based on their inner 
algorithm fminsearch decides which initial value must be 
manipulated and how much. Next the model can be 
simulated again and the impact on the target function can 
be examined. 

When the optimization function changed the initial 
values, they were passed to the Simulink model. As 
illustrated in Figure 12, the simulation is divided into three 
parts. This is due to the three different input amplitude 
curves. The result of each of these blocks is the sum of all 
local squared errors from measurement to simulation point 

Table 1. Measured amplitude and phase data points for 4WRSE-10 

Frequency 
[Hz] 

Φ at 10% 
[dB] 

Φ at 25% 
[dB] 

Φ at 100% 
[dB] 

A at 10% 
[dB] 

A at 25% 
[dB] 

A at 100% 
[dB] 

1.5 0.0 0.0 0.0 0.0 0.0 0.0 
2.0 -4.0 -4.0 -4.5 0.0 0.0 0.0 
3.0 -6.0 -6.0 -6.3 0.0 0.0 0.0 
4.0 -7.0 -7.0 -8.1 0.0 0.0 0.0 
5.0 -7.5 -7.5 -9.0 0.0 0.0 0.0 
6.0 -7.6 -7.6 -9.9 0.0 0.0 0.0 
7.0 -7.9 -7.9 -9.9 0.0 0.0 0.0 
8.0 -8.3 -8.3 -10.8 0.0 0.0 0.0 
9.0 -8.6 -8.6 -11.7 0.0 0.0 -0.5 
10.0 -9.0 -9.0 -12.0 0.0 0.0 -0.9 
15.0 -14.5 -14.5 -31.5 0.0 0.0 -2.0 
20.0 -20.7 -23.4 -54.0 0.0 0.0 -4.0 
25.0 -26.1 -27.9 -63.0 0.0 -0.5 -5.5 
30.0 -36.0 -36.0 -82.0 0.0 -1.0 -7.5 
40.0 -44.1 -45.9 -103.5 -1.0 -1.5 -10.0 
50.0 -54.0 -62.1 -124.2 -1.3 -2.0 -12.5 
60.0 -67.5 -76.5 139.5 -1.7 -3.5 -14.5 
70.0 -76.5 -94.5 -148.5 -2.0 -5.5 -16.5 
80.0 -90.0 -119.7 -162.0 -2.5 -6.8 -19.5 
90.0 -112.5 -148.5 -175.5 -3.0 -8-5 -22.0 

100.0 -139.5 -157.5 -184.5 -4.5 -10.5 -24.0 
110.0 -171.0 -184.5 -193.5 -7.0 -14.5 -27.5 
120.0 -184.5 -193.5 -202.5 -9.5 -15.5 -28.5 
130.0 -198.0 -207.0 -211.5 -13.0 -20.0 -31.0 
140.0 -207.0 -216.0 -216.0 -15.0 -22.8 - 
150.0 -211.5 -220.5 -220.5 -17.0 -25.0 - 
160.0 -216.0 -225.0 -225.0 -20.0 -28 - 
170.0 -220.5 -229.5 -229.5 -22.5 -30.0 - 
180.0 -225.0 -231.3 -234.0 -25.5 - - 
190.0 -225.5 -233.0 -238.5 -26.7 - - 
200.0 -226.5 -234.0 -243.0 -28.0 - - 
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at a certain frequency. Global error is computed as 
following:  
 
 𝐹𝐹𝑎𝑎𝑙𝑙𝑠𝑠𝑏𝑏𝑎𝑎𝑙𝑙 = 4 𝐹𝐹𝑙𝑙𝑠𝑠𝑎𝑎𝑎𝑎𝑙𝑙,10% + 𝐹𝐹𝑙𝑙𝑠𝑠𝑎𝑎𝑎𝑎𝑙𝑙,25% + 𝐹𝐹𝑙𝑙𝑠𝑠𝑎𝑎𝑎𝑎𝑙𝑙,100% (24) 

The local error deviation 𝐹𝐹𝑙𝑙𝑙𝑙𝑎𝑎𝑎𝑎𝑙𝑙,10% is weighted with a factor 
of 4. This is because the valve works most of the time 
around the middle position to adjust the flow very precisely 
when controlling the position of an actuator. It is therefore 
necessary to make a greater effort to get a good 
approximation of this curve. 

The local error was first calculated based on the 
amplitude response measurement data at different 
frequencies, taken from the datasheet. The measurement 
amplitude data (A) and the phase data points (Φ) used is 
shown in Table 1.  

Therefore, feeding the model with a sinusoidal signal 
led to the appearance of non-linearities resulting from 
saturation blocks. These blocks, although fundamental for 
adjusting the model to non-linear curves rainfall, directly 
influence the optimization of the system. However, this 
influence is not confined solely to optimization but extends 
to the output signals since other frequencies appear in their 
spectrum. These harmonics cause unstable amplitude 
behaviour due to their overlap with the excitation 
frequency. This makes it impossible to obtain stable 
oscillation behaviour, so it is necessary to calculate the 
amplitude response. For this reason, the simulated output 
signal must be filtered for a given excitation frequency. 
After filtering, the output signal is assumed to have a 
constant amplitude. Consecutively, the ratio between the 
output amplitude and the input amplitude (Aoutput and Ainput) 
at each excitation frequency can them be calculated using 
(25).  
 
 𝐴𝐴[𝑑𝑑𝑑𝑑] = 20 𝑙𝑙𝑙𝑙𝑠𝑠10 �

𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
𝐴𝐴𝑖𝑖𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜

� (25) 

 
This result can then be compared with the measurement 
and the local error can be determined. 
 
 𝐹𝐹𝑙𝑙𝑠𝑠𝑎𝑎𝑎𝑎𝑙𝑙 = ∑ �𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑠𝑠𝑜𝑜𝑠𝑠  𝑓𝑓(𝑙𝑙) − 𝐴𝐴𝑙𝑙𝑠𝑠𝑎𝑎𝑎𝑎𝑙𝑙  𝑓𝑓(𝑙𝑙)�2𝑎𝑎

𝑎𝑎=1  (26) 

 
Then, the solution vector will be obtained when the 
minimum of the objective function is determined by the 
optimization function. In this case, the optimization of the 
delay time promotes the change of phase depending on the 
values of the solution vector 𝜔𝜔𝑠𝑠, 𝜁𝜁, 𝐿𝐿𝑣𝑣 and 𝐿𝐿𝑎𝑎. 

Signal filtering 
The output signal is filtered based on the excitation 
frequency, the vector of initial values and the normalized 
input amplitude, returning the simulation time, the input 
signal, and the filtered output signal. Thus, the higher the 
excitation frequency, the higher the sampling frequency 
and, for frequencies that are too low, aliasing can occur, 
since only two base sampling frequencies are used in the 
transformation to the frequency domain using the Fast 

Fourier Transform (FFT). The FFT algorithm, calculated 
with a fixed step size, transforms the output signal, 
determined by the Simulink model, resulting in a reflected 
spectrum at the Nyquist frequency. Furthermore, the fact 
that the Nyquist frequency is half the sampling frequency 
means that it is sufficient to trace only half the spectrum up 
to the Nyquist frequency. The spectrum is normalized by 
its maximum value, which in this case represents the 
maximum value of the excitation frequency. Figure 13 
shows the output signal of the Simulink model for the 
simulation values of 𝜔𝜔𝑠𝑠 = 1000 𝑟𝑟𝑎𝑎𝑑𝑑/𝑠𝑠, 𝜁𝜁 = 0.8, 𝐿𝐿𝑣𝑣 = 50 and 
𝐿𝐿𝑎𝑎 = 50000. The excitation frequency is set to 180 Hz, so 
the signal is sampled at 212 Hz, which leads to a Nyquist 
frequency of 2048 Hz. 

However, due essentially to the non-filtering of the 
output, the results obtained showed an overlapping of the 
signal and a signal combined with other frequencies due to 
the non-linear saturation blocks making the amplitude quite 
unstable. The signal was filtered using analogue band-pass 
filtering techniques which, due to the inadequacy of their 
characteristics for this problem, quickly became unstable 
when they became too narrow. A digital finite impulse 
response (FIR) filter was therefore used, which operates 
with cut-off frequencies normalized to the Nyquist 
frequency. It will be determined by:  
 
 𝜔𝜔2,1 = 2∙𝑓𝑓

𝑓𝑓𝑠𝑠
± 0.0001 (27) 

 
In addition, the order of the filter is determined with 1 in 
the numerator and 5000 in the denominator in order to 
exclude interference frequencies. Figure 13 shows the 
output signal of the Simulink model for the simulation 
values of 𝜔𝜔𝑠𝑠 = 1000 𝑟𝑟𝑎𝑎𝑑𝑑/𝑠𝑠, 𝜁𝜁 = 0.8, 𝐿𝐿𝑣𝑣 = 50 and 𝐿𝐿𝑎𝑎 = 50000. 
The excitation frequency is set to 180 Hz, so the signal is 
sampled at 212 Hz, which leads to a Nyquist frequency of 
2048 Hz. 

Figure 13. Filtering in frequency domain  

According to the graphs in the figures above, it can be seen 
that the FIR filter gives good results. Even interference 
frequencies that are close to the excitation frequency can 
be filtered out very well due to the high order and narrow 
cut-off frequencies. The filtered output signal must be 
inversely transformed to the time domain. As you can see 
in Figure 14, the harmonics have been completely excluded 
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from the previous signal. The filtered signal can therefore 
be used to determine the amplitude and phase shift.  

Figure 14. Filtering in signal in time domain  

Compute amplitude and phase shift 
This section aims to show how the function calculates the 
steady-state amplitude of the output signal of a dynamic 
system and determines the phase change in relation to the 
input signal. So, the algorithm used compares several 
consecutive amplitudes and determines whether the 
difference between them is acceptably small and whether 
steady-state oscillation is achieved. However, this 
matching of amplitudes is not the only criterion used. In 
addition, the area under two consecutive half-waves with 
the same signal must be identical, even if they do not reach 
a stable oscillation (Figure 15). For this reason, the 
integration between two points of intersection must also be 
considered.  

Figure 15. Checking for Steady-State Amplitude 
behaviour  

So, in order to compare the amplitudes and calculate the 
integrals, the algorithm has to check the largest current 
amplitude or that of the next step. For each of the iteration 
steps, the function detects the largest amplitude, setting it 
to 100 per cent and calculating the maximum possible 
deviation, which is 0.05 per cent less than the largest 
amplitude. If the difference found is less than 0.05 per cent 
of the absolute value, steady-state oscillation is reached and 
the steady-state amplitude at the time step is found. Due to 
the fact that the system always oscillates with at least the 
same phase, but never with a main phase, this calculation 

method can also be applied to any system, even with a 
phase deviation of almost 360°. Figure 16 shows the 
behaviour of the function when applied to systems with a 
phase deviation of less than 360°. 

Figure 16. Influence of Phase Shift  

Optimization 
To optimize the second-order linear transfer model, the 
parameters for the gain factor K, the damping factor ζ and 
the appropriate angular frequency 𝜔𝜔0 must first be defined. 
For a general second-order linear system, we can consider 
the following:  
 
 𝐴𝐴(𝜔𝜔) = |𝐺𝐺(𝑗𝑗𝜔𝜔)| = 𝐾𝐾∙𝜔𝜔02

�(𝜔𝜔02−𝜔𝜔2)2+(2𝜁𝜁 𝜔𝜔0 𝜔𝜔)2
 (28) 

 
with, K=5, ζ=0.8 and ω0=50. 

Figure 17. Optimization result linear system  

The system can thus be simulated over a wide range of 
frequencies. The general second-order system was 
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optimized for these data points. The results show 
optimization obtained for a maximum of 30 and 80 
iterations. Filtering was not necessarily due to the linearity 
of the transfer function, as show in Figure 17. 

Figure shows that after 30 iteration steps, a good 
approximation can already be seen. However, the area 
around the natural angular frequency is not well 
approximated. Slight deviations are recognizable. The 
simulation results for an optimization after 80 iteration 
steps are illustrated in red. It can be seen that there is a very 
good and noticeable approximation. This confirms that the 
implemented functions work correctly.  

The model shown in Figure 11 does not have two 
general limit blocks with a sudden saturation, which limits 
the object function. To improve the behaviour of the model, 
two saturation blocks were used to limit the speed, smooth 
saturation, combined with a sudden saturation block, to 
limit the acceleration, and thus minimize the object 
function as much as possible. In this case, smooth 
saturation must be obtained using an exponential function 
with a negative exponent similar to the behaviour of the 
step response of a PT1 element [39]. The general equation 
for determining the behaviour of the step response is as 
follows:  
 

 𝑎𝑎(𝑑𝑑) = 𝐾𝐾 �1 − 𝑒𝑒
𝑜𝑜
𝑇𝑇𝑉𝑉� (29) 

where 𝐾𝐾 value represents the final gain value that the 
function is reaching. 𝑇𝑇𝑉𝑉 is the time constant that indicates 
the time the function needs to reach 63% of its final value, 
the decay constant in m/s. The complete Simulink block 
diagram simulation model is shown in Figure 18.  

Figure 19 shows the simulation results of the Simulink 
model and the comparison with the measurement curves of 
the Bosch 4WRSE-10 valve. It can therefore be concluded 
that the implementation of the non-linear Simulink model, 
as well as its belonging function, are close to the curves 
considering the optimization parameters 𝜔𝜔0 = 336.7663 
𝑟𝑟𝑎𝑎𝑑𝑑/𝑠𝑠, 𝜁𝜁 = 0.4542; 𝐿𝐿𝑣𝑣 = 77.14 𝑠𝑠-1 and 𝐿𝐿𝑎𝑎 = 128.700 𝑠𝑠-2.  

Depending on these parameters, we can see that there is 
an oscillation in the simulation values around the 
measurement. The curves for the 10% and 25% amplitude 

ratios show a greater oscillation, but with a stable behavior 
around the measurement. The amplitude curve for 100% of 
the coil path are a very acceptable approximation. 

The simulation results for the 4WRSE-10 proportional 
valve are not entirely satisfactory. It can be assumed that 
this oscillation is due to the lack of amplitude incensing. 
The curves indicate that there is no excitation frequency at 
which the output amplitude is amplified, which points to 
the need for a different approach that could lead to better 
results. 

Figure 19. Amplitude Response for 4WRSE-10  

3.3. Static model  

In addition to the dynamic behaviour, it is also necessary 
to determine the static behaviour of the proportional valve. 
Static behaviour describes the relationship between flow 
and pressure loss. The valve can be seen as a built-in part. 
Embedded parts are components that are mounted in the 
pipework system of a hydraulic circuit. They can be 
fittings, nozzles, ports, valves, or filters. Thus, each 
incorporated part has its own friction factor 𝜁𝜁 
characteristics. The friction factor describes the 
relationship between the pressure loss 𝛥𝛥𝑝𝑝𝐿𝐿𝑙𝑙𝑠𝑠𝑠𝑠 and the flow 

 
Figure 18. Complete Simulink Model of the Proportional Valve  
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rate 𝑄𝑄. However, there is no universal approach to pre-
calculating the pressure loss as a function of flow rate for 
each incorporated part. Apart from straight pipes, the 
exceptions are nozzles and orifices. The other components 
are geometrically more complex, which makes a 
theoretical approach difficult. 

The general equilibrium approach, provided according 
to Bernoulli's law, from the inlet to the outlet of a given 
component, taking pressure loss into account, will be 
expressed as follows: 
 
 𝑝𝑝1 = 𝑝𝑝2 + 1

2
𝜌𝜌 𝑣𝑣2 𝜁𝜁 = 𝑝𝑝2 + 1

2
𝜌𝜌  𝑄𝑄2

𝐴𝐴𝑜𝑜2
 𝜁𝜁 (30) 

 
On the other hand, if we consider that the dynamic pressure 
at the inlet and outlet, as well as the static pressure height 
terms, can be set to zero, the flow rate can be determined 
by (30). Where factor Ap represents the oil passage area of 
the valve, which depends on the position of the coil. The 
size of the area directly affects the value of the pressure 
loss factor 𝜁𝜁. While the pressure loss depends on the 
Reynolds number, which is a function of the flow rate.  

Considering that the behaviour of the valve is divided 
into two sections that reflect the displacement of the coil 
and the different behaviours. At the transition point, the 
position of the coil between -1 ⩽ �̅�𝑥𝑠𝑠 ⩽ 𝑥𝑥𝑑𝑑, the valve blocks 
the passage of oil, allowing only a small amount of leaked 
oil to pass through. However, if the coil is about to reach 
the transition point, its behaviour becomes non-linear due 
to manufacturing tolerances that cannot be avoided. On the 
other hand, if the coil displacement exceeds the transition 
point, the behaviour is strictly linear, the main 
characteristic of a proportional valve. From these 
considerations, it turns out that it is necessary to find two 
functional equations for the section before and after the 𝑥𝑥𝑑𝑑 
transition. The section before the transition can be 
approximated by:  
 
 𝐴𝐴(−1 ≤ �̅�𝑥𝑠𝑠 ≤ 𝑥𝑥𝑎𝑎) = 𝑎𝑎𝑒𝑒𝑏𝑏�̅�𝑥𝑠𝑠  (31) 

 
here 𝑎𝑎 and 𝑏𝑏 are used to adjust the function to the valve's 
characteristics. In turn, the after section can be 
approximated using a linear function with a small deviation 
given by:  
 
 𝐴𝐴(𝑥𝑥𝑎𝑎 < �̅�𝑥𝑠𝑠 ≤ 1) = 𝑎𝑎 ∙ �̅�𝑥𝑠𝑠 + 𝑑𝑑 (32) 

 
All these restrictions must be translated into a model that 
represents the behaviour of the proportional valve, 
considering all the flows and pressures, as shown in Figure 
20(a). Figure 20(b) shows the typical graph of the Pseudo-
Section Function of a paired symmetrical valve.  

According to Figure 20(a) it is assumed that Port1 is 
connected to the actuator's advance chamber while Port2 is 
connected to the rod chamber with different inlet and outlet 
pressures and flow rates. The flow rate of oil, Q1, entering 
the advance chamber under high pressure promotes the 

advance of the cylinder and, consequently, a return flow, 
Q2, to the tank at a lower pressure. Thus, the inlet flow, Qs, 
generated by the pump is divided into two leakage flows 
𝑞𝑞𝑠𝑠1 and 𝑞𝑞𝑠𝑠2 that flow into the high and low-pressure 
chambers respectively. Where Q1=𝑞𝑞𝑠𝑠 – 𝑞𝑞1t, Q2=𝑞𝑞2t – 𝑞𝑞s2 
and Qt=𝑞𝑞1t + 𝑞𝑞2t.  

Figure 20. Valve 4WRSE-10: (a) Static Spool 
Position Model; (b) Pseudo-Section Function  

Therefore, the pressure gain, 𝐾𝐾�p0 (relative pressure gain 
at the middle spool position), can be understood as the 
derivative of the relative loading pressure with respect to 
the coil position which, in turn, is the ratio of the pressure 
difference between Port1 and Port2, while the flow gain, 
𝐾𝐾�q0 (relative flow gain in the middle spool position), will 
be determined by the derivative of the load flow under zero 
load pressure in the middle position.  

Therefore, the pressure gain, 𝐾𝐾�p0 (relative pressure gain 
at the middle spool position), can be understood as the 
derivative of the relative loading pressure with respect to 
the coil position which, in turn, is the ratio of the pressure 
difference between Port1 and Port2, while the flow gain, 
𝐾𝐾�q0 (relative flow gain in the middle spool position), will 
be determined by the derivative of the load flow under zero 
load pressure in the middle position.  

 

(a) 

(b) 
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4. Results and discussion 

Different simulation approaches were used to study the 
static and dynamic behaviour of a proportional valve. The 
dynamic behaviour was implemented with a non-linear 
model in Simulink from a second-order linear system, 
adding saturation blocks for velocity and acceleration. On 
the other hand, as normalized inputs were used, it was not 
necessary to implement static gain factors. However, 
several other functions had to be implemented to optimize 
the non-linear model. These functions were used to filter 
the model's non-linear output signal for its excitation 
frequency and determine the intersection and zero matrices 
needed to calculate the amplitude and phase deviation. This 
optimization approach was then applied to the Bosch 
4WRSE-10 valve, the only one in our laboratory, which 
showed promising results by stabilizing the objective 
function at around 1050 for the different sets of initial 
values. However, to develop the static model, it was 
necessary to determine the characteristics of the pressure 
and flow gain in the intermediate position, as well as the 
leakage flows. Based on the characteristics of the valve 
leaf, various non-linear equations were solved to obtain the 
pseudo-section functions that describe the relationship 
between the position of the coil and the flow rate. 

Based on the above, modelling a proportional hydraulic 
system requires precise knowledge of all the parameters 
involved, from the inputs and outputs to the storage 
elements. All this knowledge is fundamental both for 
defining the equilibrium equations and the static 
relationships that make it possible to create the block 
model, which in this study was created in Matlab. 
Therefore, in addition to modelling all the hydraulic 
components, it is necessary to understand the functionality 
of the LVDT, which translates the input voltage into a 
linear displacement of the spool, the main requirement for 
the valve's control capability, that could be 
controlled/monotonized by a Programmable Logic 
Controller (PLC) [40]. On the other hand, it is also 
necessary to consider that these movements of the valve 
body cause the excitation frequency to overlap with the 
natural frequency of the system, disappearing over time 
due to the transient effect. It was also pointed out that all 
these considerations are necessary in order to evaluate the 
waveform in the simulation in time and frequency domain. 
The link between time and frequency was highlighted 
through the use of using the Fourier transform. Having said 
that, it is necessary to understand how the system works 
and where there are cut-off points between the various 
parts. This helps to divide the main system into subsystems, 
which simplifies the process of building models and 
simulating them, in a closed circuit, due to their lower 
complexity. It then becomes clear that small oscillations in 
the system influence the behaviour of the viscosity of the 
oil, usually HLP 46, which is directly related to the 
temperature or pressure that directly influences the mass. 

The hydraulic cylinder model was modelled to create a 
general model that could respond to the inlet and outlet 
flow models and represent the dynamic balance of forces. 

This balance includes the friction force considering the 
static and dynamic friction coefficients [41] and a decay 
constant that verifies the extensibility of the piston at a 
constant speed. 

As already mentioned, the proportional valve was 
modelled by subdividing it into a static valve model and a 
dynamic valve model. This subdivision is due to its non-
linearity, which led to the non-linear dynamic behaviour 
being modelled using a second-order model with velocity 
and acceleration saturation. Using dynamic variables in 
Matlab's fminsearch optimization function, it was possible 
to find the best model parameters that minimized the error 
between the measured data points obtained from the 
frequency response curves and the Simulink model. The 
use of various excitation frequencies in the non-linear 
model caused harmonics which had to be filtered out. In 
addition, intersection functions, zero matrices, amplitude 
calculation and phase deviation were tested to create 
simulated frequency response curves in order to compare 
simulation with reality. The correct functionality of these 
functions was demonstrated for the optimization of a 
second-order linear model. However, the optimization for 
the Bosch 4WRSE-10 valve showed slight deviations for 
the amplitude response of 10% and 25% of the maximum 
coil travel. 

For the static model, the pressure, flow, and leakage 
gain, as well as the supply and nominal pressure, had to be 
determined from the valve data sheet. With this approach, 
it was possible to solve the non-linear equations that 
describe the behaviour of the positive and negative pseudo-
section functions. These can be understood as conductance 
values that provide information about the flow through the 
valve at a given standardized spool position. The 
methodologies and models developed were tested with data 
from the manufacturer and the results were good, which 
corroborated the adopted approach. It is also possible to 
consider that the approach presented here can be 
extrapolated to any other proportional valve, considering 
all the relevant operating data, i.e. precise knowledge of all 
the parameters involved, from the inputs and outputs to the 
storage elements. 

5. Conclusion  

This study presents the presents a mathematical model for 
the piston position of an Electro-Hydraulic Proportional 
System, utilizing the Matlab/Simulink framework. The 
model describes the behaviour of the entire hydraulic valve 
assembly (valve, spool position transducer and electronic 
controller cart). Several decoupled models are used which 
translate the static behaviour of the valve as a function of 
the flow through it and the positioning of the coil and 
pressure losses. The flow was modelled as laminar and 
modelled by pseudo-section functions. The dynamic sub 
model describes the displacement of the coil when an input 
signal is applied. 

The adaptability of the model was tested in both static 
and dynamic terms using a second-order model with 
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saturated velocity and acceleration with dynamically and 
perfectly adjustable variables. The valve parameters of the 
static model can be calculated directly from the 
manufacturer's data or from experimental measurements, 
since they were not considered as constants, but as 
variables. The dynamic behaviour was determined by 
optimization techniques based on the manufacturer's Bode 
diagrams. The suitability of the model was demonstrated, 
leading to good results, in line with those obtained by [37]. 
The suitability for the proportional Bosch 4WRSE-10 
valve proved to be very promising in terms of the amplitude 
response of the coil curve. 

Proportional valves are economical and robust 
components with high potential for use in industrial 
automation applications and in environments where 
precision is critical, and cost restrictions apply. On the 
other hand, their applicability in the fields of automation, 
mechanical engineering and the design of hydraulic circuits 
to replace servo-valves stands out. We can also consider 
that the use of proportional valves meets industrial 
sustainability and energetic efficiency trends of the 
hydraulic system (Industri 5.0), both in terms of the data 
predictive maintenance, digital twins (Industri 4.0) and 
environmental restrictions, contributing to an alignment 
between theoretical modelling and the practical industrial 
application of advanced hydraulic control.  

To continue this work in the future, several tasks need 
to be carried out. The friction force model for the hydraulic 
cylinder is based on assumptions that need to be corrected. 
With this data, the friction force model needs to be better 
adapted to the actual behaviour. This can be achieved by 
changing certain parameters, such as the decay constant 𝑇𝑇𝑉𝑉. 
It should be mentioned that the extension and shrinkage 
characteristics are probably not the same. 

The Simulink model for obtaining the dynamic 
behaviour of the proportional directional valve needs to be 
better adapted to the curves in the data sheet. Therefore, 
provides approaches that may be useful for additional 
considerations. It is recommended to determine the phase 
deviation using a time delay constant. This constant should 
be optimized for the manufacturer's curves. Finally, the 
different models should be linked together. It will be also 
important in the future to validate the model the built model 
by comparison with a real hydraulic circuit in different 
conditions. 
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